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® Triangulated Meshes
® Operators on Meshes
® Denoising by Diffusion

® Fourier on Meshes
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Triansular Meshes

Triangulated mesh: topology M = (V, E, F') and geometry M = (V, &, F).

Topology M:

— (0D) Vertices: V ~{1,...,n}.
— (1D) Edges: ECV x V.
Symmetric: (i,j) € E<i~j & (5,i) € E.
— (2D) Faces: FCV xV x V. \
Compatibility: (i,7,k) € F < (¢,4), (4, k), (k,2) € E.
V(i,j)eFE, 3(,jk)€eF.
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Triansular Meshes

Triangulated mesh: topology M = (V, E, F') and geometry M = (V, &, F).

ATATATR LS D AP o P N P AN s o SN RN, ol Py T o S A A VLY . < Vgl B o AN S P T, SN P S B, ol N D O I O R e e i AL T Pl BN o O
OO UK A LA WA T 4'1”*,*' ,I:Y‘—'f‘&'\‘,.‘;%".f%‘.",“,f“,-,‘L»'f'"j'lka':‘j—"l‘*—TL"ﬂ.v ‘TIJ‘ ‘[ 4—1,1;{,‘ R ANAW LA S

Topology M:

— (0D) Vertices: V ~{1,...,n}.
— (1D) Edges: ECV x V.
Symmetric: (i,j) € E<i~j & (5,i) € E.
— (2D) Faces: FCV xV x V. \
Compatibility: (i,7,k) € F < (1,4), (J,k), (k,2) € E.
V(i,j)eFE, 3(,jk)€eF.

Geometric realization M: VieV, z; € R, VE{x; \ieV}.

U Conv(z;, ;) C R
(’L,] YEE
F = U Conv(z;,z;,xx) C R3.

(i,j,k)EF 3

Piecewise linear mesh:



def

Face 1-ring: F; =

Connectivity

Vertex 1-ring: V; = {j e V\ (i,j) € E} C V.
(i,5,k) e F\i,jeV}CF.




onnectivity

Vertex 1-ring: V; = {j eV \ (i,j) e E}C V.
Face 1-ring: F; = {(i,5,k) € F\i,j € V} C F.

|
1 ~ l I

—'.‘ " o '
] . . k:~0 nf “

Normal Computation:

Vf=(ij,k)eF, nj= (%:_

H

viev, i Zden™
9 (A —

| 22 rer, 17l
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® Triangulated Meshes
® Operators on Meshes
® Denoising by Diffusion

® Fourier on Meshes
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‘Functions on 2 Mesh |

Function on a mesh: f € (*(V) ~ (*(V) ~ R".

— R V. — R
f:{v @f{

Ly f(sz) i o fi




‘Functions on 2 Mesh |

Function on a mesh: f € (*(V) ~ (*(V) ~ R".

f:{v — KR — f: {V — K < [ =(fi)iev € R".

Ly f(sz) i o fi

Inner product & norm:

9) =Y figi and |fI*=(f f)

eV
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‘Functions on 2 Mesh |

Function on a mesh: f € (*(V) ~ (*(V) ~ R".

f:{v — KR — f: {V — K < [ =(fi)iev € R".

Ly f(sz) i o fi

Inner product & norm:

9) =Y figi and |fI*=(f f)
eV
Linear operator A:

A fZ(V) — 62(‘/) «— A= (aij)i,jev c R™"*" (matrix).
(Af) (@) = aijf(z;) = (Af)i= ) aijf;.

JjeVv JjeVv
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‘Functions on 2 Mesh |

Function on a mesh: f € (*(V) ~ (*(V) ~ R".

f:{v — KR — f: {V — K < [ =(fi)iev € R".

Ly f(sz) i o fi

Inner product & norm:

9) =Y figi and |fI*=(f f)
eV
Linear operator A:

A fZ(V) —> 62(‘/) — A= (aij)i,jev c R™*" (matrix).
(Af) (@) =) ayf(z;) <= (Af)i=)_aif;
Jjev jev
Mesh processing:
— Modify functions f € £2(V). [ > Af

— Example: denoise a mesh M as 3 functions on M.

— Strategy: apply a linear operator f +— Af.
— Remark: A can computed from M only or from (M, M).



e SO D % ‘_;1 w

unctions ¢

Examples:

— Coordinates: z; = (z},z?,27) € R>.

— X-coordinate: f:i €V — z; € R.

— Geometric mesh M <= 3 functions defined on M.
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‘Local Averaging

] rwu:rﬁw‘ A

Local operator: W = (w;;)ijevy Wwhere w;; =

W= ) wil;

(i,j)eFE

>

QR e VA

0 otherwise.
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Local operator: W = (w;;)ijev Wwhere w;; = .
0 otherwise.
W= ), wilj
(4,J)€E
Examples: for 1 ~ j,
. 2
w;; =1 Wij = Ta;—z:]2 W;i; = COt(Oéij) + COt(ﬁij)
combinatorial distance conformal

(explanations later)
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Local Averaging

Local operator: W = (w;;)ijev Wwhere w;;

WHi= ) wif;

(i,j)eFE

AfY

0 otherwise.

{>0 if j ¢V,

Examples: for 1 ~ j,

— o . _— —1 o o — : o o o
wzj T 1 w@] T ||a:j—a:7,||2 wZ] T COt(aZj) —|_ COt(ﬁz])
combinatorial distance conformal

(explanations later)

Local averaging operator W = (;;); jev: VY (i,7) € E, 1 = Wij
2 (i,j)eB Wij
W =D"'W with D =diag,(d;) where d;= Z Wi
(i,j)€E

Averaging: W1 = 1.



1<
K o+

s

Tterative smoothing: W £, W2, ... , W¥ f smoothed version of f.

10
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® Operators on Meshes
® Denoising by Diffusion

® Fourier on Meshes
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‘Gradient

Gradient operator: oriented edges Fy = {(i,5) e E\i<j},

G:02(V) — (*(Ep), <— G :R" — RP  where p=|Ey],

= G € R*"*P  matrix.

V(i,j) € B, i<j, (Gf)uy = Vwiy(fi— fi) € R,

. . . . _—
— Derivative along direction z;x ;.

A TN S A A NN L AR AT N A KT
i LA e A P T P e 4 A ST e e AR

12
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Gradient operator: oriented edges Fy = {(i,5) e E\i<j},

G:02(V) — (*(Ep), <— G :R" — RP  where p=|Ey],

= G € R*"*P  matrix.

V(i,j) € B, i<j, (Gf)uy = Vwiy(fi— fi) € R,

. . . . _—
— Derivative along direction z;x ;.

Exzample: w;; = |@; — ;] 2, (Gf)g) = flxj)=f@i)

|zi—y|

Regular grid:

— G f discretize Vf = (% ?9_5)'

— Gt discretize div(v) = 8”1 + 8"’2.

12
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ef. . .
L= D—-W, where D =diag;(d;), with d; = Z W
J

Normalized Laplacian:

< TN RO s BB iy e LA LTS TN AR N | S Tl TN NSRS TATR AL ) 3N S A AL TN

b A NI AT TGS AT T | SN

L= D V2Lp~1Y2 =14, —- D-Y?*WD'Y? =1d,, — D'/?WD~1/2,

Remarks:
— symmetric operators L, L € R?*",

— L1 = 0: acts like a (second order) derivative.

— L1 #0.

— [ and L are symmetric positive definite.

(Lf, /Yy =1GFI>= > wylfi— fil?

(7’7.7)EEO

(Lf, f) = |GD™'/2f]

(%])EEO

Theorem: L = G'G and L = (GD_l/z)T(GD_l/Q).

ZZZwijf;_i_

|3
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‘Examples of Laplacians

Ezxample in 1D: (Lf); = % (2fi — fix1— fi1) = x (—1,2,—1)

h2

- _?(5’32)

| 4
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‘Examples of Laplacians

1
Example in 1D: (Lf); = 2 (2fi — fix1— fi1) = 2 x (—1,2,—1)
h—0 d f
E g
Ezxample in 2D: 1 1 0 1 0
(Lf)i:ﬁ(‘lfi—fjl—sz—fjg—fj4):ﬁf* 1 4 -1
h—o O°f 0% f 0 -1 0

L - Ta @) - S = Af(),

L=G'Gf discretize Af =div(Vf).

| 4
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Iterative Smoothing

Initialization: k£ = 1,2, 3, f,~c = fi.

[teration: k= 1,2, 3, f(8+1) Wf(s) ;isﬂ Z fks

Z (7,9)€V;

Denoised: choose s, and &; = ( 1(8), f2(8)7 3(8))

|5
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Iterative Sr

Initialization: k = 1,2,3, f\° = f;.

Iteration: kK =1,2, 3, f(SH) Wf(S)

Denoised: choose s, and z; = ( 1(8), fQ(S),
Problem: optimal choice of s

Oracle: max SNR(z", 2(*)).




)

fusiol

Heat diffusion: Vt > 0, F()

OF®)
Ot

=-D'LF" = (14,

by Sy A G AVAYAOAN

O

: V' — R solving

~W)F® and VieV, FO®G) =

|6
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‘Heat Diffusion

Heat diffusion: V¢ > 0, F® : V — R solving

OF ()
ot

Discretization: time step 8, #iterations K = t/9.

% (f<s+1> _ f<s>) _ DLy et ) _gpiL )

A AN N D R S A A A LA

— DLF® = (Id, - W)F® and VieV, FOG) = f()

= (1-8) f*)+sW %),

|6
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Heat Diffusion

Heat diffusion: V¢ > 0, F® : V — R solving

OF ()
ot

— D'LF® = (1d, - W)F® and VieV, FO®G) = £(i)

Discretization: time step 8, #iterations K = t/9.

% (f s+1) _ f<s>) — DL — fFD) = fO_§DIL ) — (1-6) ) 15 £,

Theorem: stable and convergent scheme if § < 1 (CFL condition)
f(t/ 5 =0 p@)

— see later for a proof.

W RTANSOANE i g vy YA vavawyy AW S AN R P el S AN g by e e wr C  f

|6
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Heat Diffusion

Heat diffusion: V¢ > 0, F® : V — R solving

OF ()
ot

— D'LF® = (1d, - W)F® and VieV, FO®G) = £(i)

Discretization: time step 8, #iterations K = t/9.

% (f s+1) _ f<s>) — DL — fFD) = fO_§DIL ) — (1-6) ) 15 £,

Theorem: stable and convergent scheme if § < 1 (CFL condition)
f(t/ 5 =0 p@)

— see later for a proof.

Remark: if § =1, f&) = Wkt

— still stable in most cases (see later).

W RTANSOANE i g vy YA vavawyy AW S AN R P el S AN g by e e wr C  f

|6
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Explicit Euler:

for i=1:3
fl = f1 + tau*L*fl;
end




- >
t 1ncreases
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Denoised: z( = (f*), £ £19)) for ¢ = s6.

s ealtnd 1 . G AVAY *-; AN T e Ve, 0 N AN B g g e A iy S s v S SO S N
:_ a0k > * l ‘ 1 VAV AW A S YaYaVy Yy by v D "

Mesh: 3 functions X/Y/Z: x; = (f1(4), f2(3), f3(7)) € R?.

Problem: optimal choice of ¢

Oracle: * = max SNR(z?, (),

19
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® Triangulated Meshes
® Operators on Meshes
® Denoising by Diffusion

® Fourier on Meshes
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Laplauan Elgen decomposmon
I: b D—l/QLD—l/Q e Idn £ D_l/QWD_1/2

[ = (GD_l/Q)T(GD_l/Q) — L is positive semi-definite.

Eigen-decomposition of the Laplacian: 3U, U'U = 1d,,

L=UAUT where A =diag_(\) and A\ <L

KA AN D AR S AN A A LK

21
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‘Laplacian Eigen-decomposition
L=D12Lp-12 14, — D12 p-1/2

[ = (GD_l/Q)T(GD_l/Q) — L is positive semi-definite.

Eigen-decomposition of the Laplacian: 3U, U'U = 1d,,

L=UAUT where A =diag_(\) and A\ <L

Theorem: Yi, A\; € |0,2] and
— If M is connected then 0 = A1 < \o.
— A\, = 2 if and only if M is 2-colorable.

Do NN STl AT EROAAA A - g XN NS DR B XN LK

21
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‘Laplacian Eigen-decomposition
L=D12Lp-12 14, — D12 p-1/2

[ = (GD_l/Q)T(GD_l/Q) — L is positive semi-definite.

Eigen-decomposition of the Laplacian: 3U, U'U = 1d,,

L=UAUT where A =diag_(\) and A\ <L

Theorem: Yi, A\; € |0,2] and
— If M is connected then 0 = A1 < \o.
— A\, = 2 if and only if M is 2-colorable.

Eigen-basis: U = (uy,), orthogonal basis of R™ ~ ¢%(V).

{V—> R
Uy, .

i Uy(7)

Orthogonal expansion: (u,, tey) = 6%,

vagQ(V)7 fzz<f7 Uy ) U

4y, A A RVAVAIN D S g B vy AV A g XN NS DR B XN LK

21
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‘Examples of Eigen-decompositions
(~1/2,1,1/2) » f

Laplacian in 1-D:

Lf=

...... o NN P

)

i AT N s I S

Theorem (in 1D):

Uy (k) =n=1/2e™n

217

kw
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Examples of Elgen decomp05|t|ons

e Yoo v T i ol INOY ool NE oy 5 Pt

Laplacian in 1-D: Lf=(-1/2,1,-1/2)x f
Theorem (in 1D):
.9 (T
Uy (k) =n A, = sin (—w)

n
0 —1/4 0

Laplacian i 2-D: Lf=1|-1/4 1 —1/4 |+ f
0 —1/4 0

*H —w H———™ | -_(i,»-fj

Theorem (in 2D): n = ning, w = (w1,ws)

n n

1 1
By w) Ay = 5 sin” (zwl) + 5 sin” (EUJQ)

On a 3D mesh: (u, ), is the extension of the Fourier basis.

23



‘Fourier Transform on Meshes

Manifold-Fourier transform: for f € £2(V),
2(f)(w) = fw) = (DVf.us) = {

Theorem: ®Wd~! =1d,, — A,

A

— W) =1 - \)f(w)

Proof: ®W&~!' =U*D*WD~'?U =1d,, — A
Id,, — L




Fourier Transform on Meshes

Manifold-Fourier transform: for f € £2(V),
O(f)(w) = fw) = (DY2f, u,) =

Theorem: ®W o1 =1d,, — A,

A

— W) =1 - \)f(w)

Proof: ®W&~!' =U*D*WD~'?U =1d,, — A
Id,, — L

Theorem: if A, < 2 (i.e. M is not 2-colorable),
ka k—>‘|‘00 * <f7 d>d_1

Whf =27 (1d, — A)*e(f) — f*
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‘Mesh Approximation and Compression

Orthogonal basis U = (u, ), of £2(V) ~R™, where L = UAUT.

VAR A DR D PR

n M
=Y, TR g S
w=1 w=1

Brror decay: E(M) S |f = farl2 = S pr [(f, w2

25
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DY

7MeshApprOX|mat|on and ComPI”eSS'On

Orthogonal basis U = (u, ), of £2(V) ~R™, where L = UAUT.

n M
=Y, TR g S
w=1 w=1

Brror decay: E(M) S |f = farl2 = S pr [(f, w2

Good basis <= E(M) decays fast.

FExample in 1D: if f is C% on R/(2nZ), F(w)] < [ oo lw] 2.
Example on a mesh: f is smooth if |Lf| is small.
1 ~ | I
w/l — N 9 L w < — | L
(. wadl = 501U, L] < -1

Intuition: A, ~ |wl|?.

25
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Laplace Spectrum

f(w)

1.5

0.5

~~»

100 200 300 400 500 600 10 20 30 40 50
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