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Regression Problems

(Noisy) observations (t;,y;)™, try to infer y ~ f(¢).
f:R — R (extend to any dimension)

n .
j=1l"

Ft) = 30 2p5(t) U

Polynomials: ¢, (t) = t". 0

Ezxpansion in a dictionary (@)

Fourier: ¢, (t) = e™i?. (s yi)

Wavelets: @;(t) =1 (t_gsj & )



Regression Problems

(Noisy) observations (t;,y;)™, try to infer y ~ f(¢).
f:R — R (extend to any dimension)

Ezxpansion in a dictionary ()%

j=1°
ft) = Z?:1 zjp;(t) U f@)
Polynomials: ¢, (t) = t". . o
Fourier: ¢, (t) = e™i?. (s yi) /

Wavelets: @;(t) =1 (t_gsj & )

Forward model: Yi = f(tZ) T W;
y=Ax+weR™
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Observations Dictionary Coefficients Residual
AeR™":R" - R™

def.

Ai; = p;(t;)



Inverse Problems

Forward model: y=Axz+weR™

Observations Operator  (Unknown)
AeR™":R" - R™ Input

Denoising: A =1d,,, m =n
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Inverse Problems

Forward model: y=Axz+weR™

Observations Operator  (Unknown)
AeR™":R" - R™ Input

Denoising: A =1d,,, m =n
Inpainting: set € of available pixels, m = ||, Ax = (x;)icq
Super-resolution: Ax = (x*xk) L., m=n/T.

Compressed sensing:

A € R™*™ random.

A/D —y




Inverse Problem in Medical Imaging

Tomography projection: Az = (pg, )i,
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Inverse Problem in Medical Imaging

K

Tomography projection: Ax = (pg, )1

Othér examples: MEG, EEG, ...
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Determined (m = n): x=A""y
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Determined (m = n): r=A"ly
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Least Squares

Solving y=Ax€R™ A e R™*"

Determined (m = n): x=A""y

Over-determined (m > n): min |Ax — y

r=(ATA)TATy = Aty

|

Under-determined (m < n): min {lz] ; Az =y}

r=A"(AAT) 1y = A+

A ill-posed and/or noise: min Az — ?JH2 -+ AHIHQ

r=(A"A4+2d,) 1Ay
= A" (AA" + \d,,)

e

>\—>O A_l_

U

~1y  (Woodbury identity)




Linear Solver

r=(ATA+Nd,) ATy = AT(AAT + Md,,) "y

Ifn<m Ifm<n
(over-determined) (under-determined)

Need to solve: I(ATA + )‘Idn)lf = Ay

S symmetric, positive
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Need to solve: I(ATA + )‘Idn)lﬂf = Ay

S symmetric, positive

Direct methods:
— Cholesky factorization S = LL"

— QR factorization A = QR — S = R' R+ )\ld,,
— Singular Value Decomposition A = U diag(A)V''

D
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more general



Linear Solver

r=(ATA+Nd,) ATy = AT(AAT + Md,,) "y

Ifn<m Ifm<n
(over-determined) (under-determined)

Need to solve: I(ATA + )‘Idn)lﬂf = Ay

S symmetric, positive

Direct methods:
— Cholesky factorization S = LL"

> slower (2x
— QR factorization A = QR — S = R'R+ Md,, H1101"e stable
slower
— Singular Value Decomposition A = U diag(A)V " > more general

Tterative methods:
as an exact method: even slower ...

— Conjugate gradient: < use it for sparse A

Convergence rate:

o —aots <2 [ VAR LTI g
Vv E(S) + 1

— preconditioning is important (for small \).




What’s Next

Jalal Fadili: sparse regularization, ¢V, ¢!.

Guillaume Lecué: compressed sensing, random matrices.
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