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Forward model: y=Af+weR™

Observations Operator  (Unknown)
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Inverse Problems

Forward model: y=Af+weR™

Observations Operator  (Unknown)
A e R™P . RP 5 R™ Input

Denotsing: A =1d,, m =p
Inpainting: set € of available pixels, m = ||, Af = (fi)iea
Super-resolution: Af = (f xk) 4, m =p/T.

Compressed sensing:
A € R™*P random.
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Inverse Problem in Medical Imaging

Tomography projection: Af = (pg, )iy




Inverse Problem in Medical Imaging

K

Tomography projection: Af = (po, )t

Othér examples: MEG, EEG, ...



Regression in Statistical Learning

(Noisy) observations (z;,y;), try to infer y = f(z).
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Regression in Statistical Learning

(Noisy) observations (z;,y;), try to infer y = f(z).

’ . fi=-1

o o y=[f(x) fo=

(%4, Yi) j =

> X
v @) =0
Regression (z,y) € R? x R Classification (z,y) € RP x {—1,1}
noise _

Linear models: Vi=1,...,n, vy, = (x;, f)+e¢; vt s @]
model error o




Regression in Statistical Learning

(Noisy) observations (z;,y;), try to infer y = f(z).

Y
°® fZ = —1
° o Y = f(CL‘) f _
(xzayZ) T
> T
T T =0
Regression (x,y) € RP x R Classification (7,y) € R” x {-1,1}
noise

Linear models: Vi=1,...,n, y; = {x;, f)+¢&;
model error

Empirical design matrix: X = n

Model: y = Xf+eeR" |yl=| x




Inverse Problems vs. Statistical Learning

Inverse Problems Statistical Learning
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Inverse Problems Statistical Learning .
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Inverse Problems Statistical Learning
| AN
y=Xf+e ﬁ//,

1 1 1
~Xy=—(X X)f+-X"¢
T

def. def. e

l n — 400 l(a:z,yz) 11d
u=E(yr) C=E(zz")

Regularized inversion: Empirical risk minimization:
1 . 2 2
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Inverse Problems Statistical Learning

AN
y=Xf+e¢ /

Regularized inversion: Empirical risk minimization:
1 X 2 2
min o |Af =y + Al /|’ min o[ Xf —y|” + Alf]
fo = (C + Ad,) u foan = (Cp + AId,)
Exact covariance '  #-------ommmoeeedemmmmomeeeeee > Noisy covariance (),
Deterministic bounded noise r <«--------J-----cemememannane » Random noise r,,

Noise level HT” bbb bbbl Mty » Noise level Hfrn ” ~ n_%



Theory: Convergence Rates

Inverse Problems Statistical Learning

y=Xfot+e
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Inverse Problems Statistical Learning
y=Xfote

Source condition: dz, foj = d*z
— smoothness constraint. “no free lunch”
— fQJ_ ker(CI))




Theory: Convergence Rates

Inverse Problems
y:AfO—|—w yz:<$m

Source condition: dz, foj = d*z
— smoothness constraint.

— fQJ_ ker(CI))

Theorem: setting A ~ |w],

| fr = fo
|Afx — Afo

~ V|l

~ [wl

Statistical Learning

“no free lunch”
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Inverse Problems Statistical Learning
y=Xfote

Source condition: dz, foj = d*z

— smoothness constraint. “no free lunch”
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Theorem: setting A ~ |w|, Theorem: setting A ~ n~2,
|73 — foll ~ V[l E(lfxn = fol) ~mn7s
IAfy — Afol ~ [w] E((f — fo, z)|) ~n"2




Theory: Convergence Rates

Inverse Problems Statistical Learning
y=Xfote

Source condition: dz, fy =
— smoothness constraint. “no free lunch”
— fQJ_ ker(CI))

Theorem: setting A ~ |w|, Theorem: setting A ~ n~2,
|73 — foll ~ V[l E(lfxn = fol) ~mn7s
IAfy — Afol ~ [w] E((f — fo, z)|) ~n"2

Needs non-quadratic &

Faster O(|w[,n™2) estimation rates
Super-resolution effect —>!' non-smooth regularization

(¢1, TV, trace norm, ...)

(recover information in ker(®
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L2 vs. L1 Regularization
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L2 vs. L1 Regularization
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L2 vs. L1 Regularization
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What’s Next

Alexandre Gramfort: ML for classification.

SVC with linear kernel LinearSVC (linear kernel) o Linear Discriminant Analysis ~ Quadratic Discriminant Analysis
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SVC with RBF kernel SVC with polynomial (degree 3) k

Sepal width
Sepal width

Sepal length Sepal length

Data with varying covariances

Gael Varoquaux:

scikit-learn
algorithm cheat-sheet

classification

© SVR(kernel=rbf")

few [eatures
should be
important

number of
categories
known

o7 LLE
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o cernel dimensionality

— reduction

srediciing
structure




