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Optimization Everywhere ...

Inverse problems: Observations y = Azg + w.

Regularized recovery: min f(z) = |y — Az|? + R(z).



Optimization Everywhere ...

Inverse problems: Observations y = Arg + w.

+ R(x).

Regularized recovery: min f(z) =
T

Supervised learning: Observations: (a;,¥;);, parametric model: g(x,a)

Regression: yi ~ g(,a;) Uy, y') =y — ?/|2

Classification: Y, ~ 0(g(x,a;)) Uy, y') = log(l+ e YY)
O(u) = (1+e*)~

Empirical risk minimization: min f(z) = + > 4(g(x,a;), y;)

n



Optimization Everywhere ...

Inverse problems: Observations y = Arg + w.

+ R(x).

Regularized recovery: min f(z) =
T

Supervised learning: Observations: (a;,¥;);, parametric model: g(x,a)

Regression: yi ~ g(,a;) Uy, y') =y — ?/‘2

Classification: Y, ~ 0(g(x,a;)) Uy, y') = log(l+ e YY)
O(u) = (1+e*)~
1

Empirical risk minimization: min f(z) = = > . l(g(z,a;),y:)

n

min f(x)

T

sampling
<

f(z) = Eu(f(x,2))

>

flz) = L3570 fiz)
n — +00

finite sum / empirical integral / expectation



Batch Gradient Descent

Trai1 =T — TV f(Tg)

Hypotheses:  ld, < 92f(z) < L1d, Conditionning:
def.

strong convexity smoothness E = E <1

T(x) = f(xo) + (Vf(x0), = — o)
T

U(2) S T(a) + 5|z — zol?
V(z) ™ T(x) + 5o — 20|

* || 2 f(:EO) o f(x*)
" S /2

= |z —=x



Batch Gradient Descent

Trai1 =T — TV f(Tg)

Hypotheses:  ld, < 92f(z) < L1d, Conditionning:
def.

strong convexity smoothness £ = ﬁ <1

T(a) ™ f(a) + (9 Sao), = a0
U(x) < T(@) + 5 o — ol

V(z) ™ T(x) + 5o — 20|

*HQ < f(ZEO) o f(l’*)

= |z —=x

/2
Theorem: If I 2 flzr) — flz*) < o
‘ <—|‘OO,O<T<Z k \€—|-1
2 |2k — ¥ < plzo — 27|

If,LL>O,L<‘|—O0,0<T<— 1
L p=(1+¢)"2 <1



Step size matters ...

Lg4+1 — Ly — Tgi(:lZ‘g)

7y = argmin f(z; — 7V f(z¢))

T

Vf(ze) LV f(zey1)

— _— s

Small ’



Acceleration

Tk+1 = Tk + Pk
Momentum

“heavy ball” Dht1 = [Pk — 7_{ vf(xk) POIYak

V f(xk + txpr) Nesterov

Theorem: |Nesterov]

For pup = ki%, then

f(zx) — f(z*) = O(1/k%)

Yurii
Nesterov

— “optimal”
for first order

schemes.




Generalization: Bregman Divergence

Bregman divergence:

D, (z|y) = ¢(z) — 9(y) — (. — y, Ve(y))



Generalization: Bregman Divergence

Bregmarz1 (fiivergence: ql)@(xy)
D, (zly) = o(z) — (y) — (z — y, Veo(y)) 5

p(z) = |z|

Locally Euclidean:

Dy(x 41z + ) = 5 (0%e(x)(= —n), £ — ) + ol — 1l

“Rule of thumb:” any reasonnable Euclidean algorithm
generalizes to Bregman divergences.



Example: Mirror Descent

Bregman divergence: D, (z|y) = p(z) —p(y) — (z —y, Vo(y))

Mirror descent: k41 = argmin D, (x|xg) + 7(V f(2k), )
reX

= (Vo)™ (Vo(zr) — 7V f(zk))




Stochastic Gradient Descent

fl@) = Y0 filo) f(x)
Vi(z) =33 Vi) Vf(z) <

Draw ¢ € {1,...,n} uniformly. Draw z ~ z

Tpai1 =T — TV fi(z) Tri1 =T — T VE (2, 2)



Stochastic Gradient Descent

flz) = 15" fi()
Vi) ==, Vfiz)

Draw ¢ € {1,...,n} uniformly. Draw z ~ z
Tpai1 =T — TV fi(z) Tri1 =T — T VE (2, 2)
Theorem.: If w > 0 and ”sz(£13‘)|| < C, then for T — ,u(kl—|—1)’
R o
B(lew —2*°) < 777 where  R'= max(|zo — 2" |, C*/u?)

7. — 0 to cancel gradient noise. ,
, — Only useful when n is very large.
No benefit from strong convexity:.



Simple Example

min (z + 1)% + (x — 1)?
rER

= f1(z)

= f2(x)

( .
o et Ty — %Vfl (x¢) with proba %
(+1 = .
" | T - +V fo(z¢) with proba 3
0.5
= 0
>/ 0.5
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What’s Next

Emilie Chouzenoux: stochastic optimization.

...

Srochasric.Grodu‘enr. e . .
Drscrnr(bGD),—~- Q.
- S :
‘f//‘_\ "
1000, |
w
Grodient Descent -

0,

Fabian Pedregosa: parallel and distributed optimization.
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