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Gradient-based Methods

m@in E(0) = L(f(x.0),y)

Gradient descent: 6pr1 =60y — 72VE(Hy)
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Gradient-based Methods

m@in E(0) = L(f(x.0),y)

Gradient descent: 6pr1 =60y — 72VE(Hy)

g Lar Ty Optimag = T)

Nesterov / heavy-ball

(quasi)-Newton

Many generalization: Stochastic / incremental methods

Proximal splitting (non-smooth &)



The Complexity of Gradient Computation

Setup: £ : R” — R computable in K operations.

def ForwardNN(A,b,Z):
X = 1]
X.append(Z)
for r in arange(0,R):
X.append( rhoF( A[r].dot(X[r]) + tile(b[r],[l,Z.shape[l]]) ) )
return X

Hypothesis: elementary operations (a X b,log(a),/a ...)
and their derivatives cost O(1).
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The Complexity of Gradient Computation

Setup: £ : R” — R computable in K operations.

def ForwardNN(A,b,Z):
X = 1]
X.append(Z)
for r in arange(0,R):
X.append( rhoF( A[r].dot(X[r]) + tile(b[r],[l,Z.shape[l]]) ) )
return X

Hypothesis: elementary operations (a x b,log(a),/a ...)
and their derivatives cost O(1).

Question: What is the complexity of computing V& : R™” — R"?

VEWD) ~ S(E(0 +26,) — E(0), ... £(0 + £5,) — £(0))

Finite differences: e
K(n + 1) operations, intractable for large n.

Theorem: there is an algorithm to compute V& in O(K') operations.

'Seppo Linnainmaa, 1970]

def BackwardNN(A,b,X):
: : * x = lossG(X[R],Y) # initialize the gradient

This algorithm is reverse mode | 5. . o asanee izt -1 1) ?
. . . . M = rhoG( A[r].dot(X[r]) + tile(b[r],[1l,n]) ) * gx
automatic differentiation gx = A[r].transpose() .dot (M)

gA[r] = M.dot(X[r].transpose())

gb[r] MakeCol(M.sum(axis=1))
return [gA,gb]




Differentiating Composition of Functions

g, (x,) € Rr+17nr

Vor(zy) = 090 (z,)] T € R+ <1 AN\

Lr+1 = g’r(xr) gr : R — R™+1



Differentiating Composition of Functions

ajr+1 _ gr (CBT) gr R’I’Lr SN R’I’Lr—l—l

Chain

rule:
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g, (x,) € Rr+17nr

Vor(zy) = 090 (z,)] T € R+ <1 AN\

d9(z) = Ogr(zRr) X dgr-1(TR-1) X ... X 0g1(x1) X Dgo(0)

AR
14c =Y Ap_;q X...xX | Ay | x| Ay [|"0
ngr
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Differentiating Composition of Functions

T — L0 go»@ >(::)—> + —TR) gRER

g, (x,) € Rr+17nr

Vor(zy) = 090 (z,)] T € R+ <1 AN\

d9(z) = Ogr(zRr) X dgr-1(TR-1) X ... X 0g1(x1) X Dgo(0)

J,’H_l p— g’l”‘(x?“) g Rnr — Rnr—|—1

Chain AR
rule: 14 3 X Ap_q X...xX | Ay | x| Ay ||™O
nNgr
NR—1 B
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Forward noniNe NR—2NR—_1MNR
O(n?) n1M273 NR—1NR
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Differentiating Composition of Functions

T — L0 go»@ >(::)—> + —{TR) gRER

g, (x,) € Rr+1xnr

Vor(zy) = 090 (z,)] T € R+ <1 AN\

d9(z) = Ogr(zRr) X dgr-1(TR-1) X ... X 0g1(x1) X Dgo(0)

J,’H_l p— g’l”‘(x?“) g R’I’Lr — Rnr—|—1

Chain AR
rule: 14 3 X Ap_q X...xX | Ay | x| Ay ||™O
nNgr
NR—1 B
8g(x) = (( .. ((AO X Al) X AQ) c.o. X AR_Q) X AR—l) X AR
Forward noniNe NR—2NR—_1MNR
O(n?) n1M273 NR—1NR

Complezity: (if n, =1forr=0,...,R—1) (R —1)n° +n?

(?g(a:) = AO X (Al X (A2 X ... X (AR_2 X (AR—l X AR)) .. ))

Backward 75 AR

O(n?) noni NRr—2NMR-1
Complezity: Rn?
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Feedfordward Computational Graphs

Lr41 — g?“ 337“7 xR—l—l y
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Example: deep neural network (here fully connected)
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Feedfordward Computational Graphs

Lr41 — g?“ 337“7 ZUR—I—l y

L N N

Example: deep neural network (here fully connected)

Lr+1 = IO(AT‘xr + bT‘) 0 = (A’m br)
z, € R

A, € Rér+1xdr
U

04 g b, € Rr+1

def.
Logistic loss: L(zrt1,y) = log Z eXp(TR+1,i) — TR+1,i¥i
(classification) ' TRt
vazR+1L($R—I—17 y) — Z oL Rt15 — Y




Backpropagation Algorithm

Lr41 = gr 337“ ajR—I—l y

LA AN




Backpropagation Algorithm

Lr41 = g?“(x'rv 97“) g(w) — L(.TR_|_1, y)

(@, oy v

C 9o 91?: C JRr L

Proposition: Vr=R,...,0, V. &= [0 gr(®r0.)]" (Va &)
Vo, & = :89r9R($r>HT)]T(vxr+18)

r




Backpropagation Algorithm

ajr—l—l — Jr (337“7

T =

L0

Proposition:

Vr=R,..

* ) ()7

LA A

v:vrg — awrgR(x

Vo, E = |0y, gr(

33R+1 ?/)

Fxample: deep neural network x,..1 = p(A4,x, +b,)

* ) ()7

Vo =AM,
Val€=DMza
Vy & =M1

def ForwardNN(A,b,Z):
X =11
X.append(Z)
for r in arange(0,R):

X.append( rhoF( A[r].dot(X[r]) + tile(b[r],[l,Z.shape[l]]) ) )

return X

def

M, = p'(Arxz, + b)) ©V,, €

def BackwardNN(A,b,X):

gx = lossG(X[R],Y) # initialize the gradient

for r in arange(R-1,-1,-1):
M = rhoG( A[r].dot(X[r]) + tile(b[r],[1l,n]) ) * gx
gx = A[r].transpose().dot (M)
gA[r] = M.dot(X[r].transpose())
gb[r] = MakeCol(M.sum(axis=1))

return [gA,gb]




Recurrent Architectures

Shared parameters: Zr4+1 = gr(%y, 0

LR+1




Recurrent Architectures

Shared parameters: Zr4+1 = gr(%y, 0

Y
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Recurrent networks for natural language processing:




Recurrent Architectures

Shared parameters: Zr4+1 = gr(%y, 0

Recurrent networks for natural language processing:

Take home message: for complicated computational architectures,

you do not want to do the computation/implementation by hand.



Computational Graph




Computational Graph

Computer program <> directed acyclic graph < linear ordering of nodes (6,.),

computing /¢

forward

function £(01,...,0n)
forr=M+1,....R

‘ 97“ — Jr (eParentS(r))
return Op

g4




Example

0(61,05) = 02¢%11/0; + Boet

05 = 01 + 64 T g = \/@

output /




Example

0(01,02) = 02e711/6, + €0

05 = 01 + 0, BT O = \/@

output /

9; (92)2<] _Q’E\“gk — gk(eﬁ)ﬁék — - Oy

Chain rules:

“Classical” evaluation: forward.
Complexity ~ #inputs.



Example

0(01,02) = e V01 + Oye%

05 = 01 + 64 BT fg = \/@

output /

9; (ez)zéj —Q’E\‘Hk — gk(eﬁ)ﬁgk — - Oy

Chain rules:

66 % _ Z (9(9] 0 29 “%_N B Z 06 n (96’]3’
0601 00; 004 00, N ~ 00y 00,
i€Parent(j) \ / kGChlld(])l \
0;q:(0 V.00 0:qr (6
“Classical” evaluation: forward. Backward evaluation.

Complexity ~ #inputs. Complexity ~ #outputs (1 for grad).



Backward Automatic Differentiation

0001, 05) = 02e%1 /0,1 + 05e01

computing ¢

05 = 01 + 0, — 0| %6 = /05

€

output /

computing V/

function V/A(01,...,0n)
_ function £(61,...,0) — Vel =1
S forr=M+1,...,R CE forr =R — , 1
2| O = 9 (Oparents(r) S V.l = Z 0,.9+(0) Vo
return Op - Ol
return (V/4,...,Vy/l)




Softwares
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Tensorflow
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Chainer

PYTHORCH



