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MVGX Optimization -

Setting: G :H — RU{+o0}
H: Hilbert space. Here: H = RY.

Problem: min G(x)
rEH

Class of functions:
Conver: G(tr+ (1 —t)y) <tG(z)+ (1 —-t)G(y) te]|0,1]

Lower semi-continuous:  liminf G(x) > G(x¢) PN

Proper: {x € H \ G(x) # +oo} # 0 \-/.
>
| | 0 if zeC,
Indicator: e(x) = { +00 otherwise.

(C closed and convex)



Mmple: /1 Regularization

Inverse problem:
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Model: fo = ¥xq sparse in dictionary ¥ € RV*@ Q > N.
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Sparse recovery: f* = Wx* where z* solves
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Example: ¢! Regularization

Inpainting: masking operator K

(le)z-:{ f. if i€,

0 otherwise.
K:RY R P=|Q

U ¢ RV*XQ translation invariant wavelet frame.

Recovery Wz*



« Smooth optimization
e Subdifferential Calculus
e Proximal Calculus

« Forward Backward






Top1 =20 — TV f(x0)

7, = argmin f(zy — TV f(xp))

T

Optimal 7, = 7}






e Smooth optimization

e Subdifferential Calculus

e Proximal Calculus

« Forward Backward



m-differential | EI-E

Sub-differential:
0G(x) ={ue H\Vz G(z) 2 Gx)+ (u, z—x)}

Smooth functions:

If Fis CY, OF (z) = {VF(z)}

First-order conditions:

QZ’

Monotone operator:  U(x) = 0G(x) >
\V/(U,U) < U(ﬂf) X U(y)7 <y — L, U — u>

WV
-



mmple: ¢! Regularization

1
x* € argmin G(z) = =y — ®z|® + Az|,
rERR 2
0G(z) = @ (Px —y) + AJ| - |1 ()
| - | sign(x;) if x; #0, Ty
O (@) —{ L] i @ = 0. T '
= — L
Support of the solution: e l
I={ie{0,...,N —1}\ o #0}
First-order conditions: . _<_S_0_@_,_ y—<1>:I:* .
Js e RN, " (dz* —y) + As =0 ? T

s T8




mﬁ(gmple: Total Variation Denoising :!-E

Important: the optimization variable is f.

£+ € argmin _ |y — fI* + AJ()
fERN

Finite difference gradient: V :RY — RY*? (Vf); € R?

Discrete TV norm:  J(f) = Z [(V )il




Iﬂf‘n Example: Total Variation Denoising :!I-E

1
f* € argmin = |y — f|* + AJ(f)

J(H) =GV Gu) =) [uil
Composition by linear maps: 9(JoA) = Ao (0J)o A

0J(f) = —div (0G(V f))

—i 1wy # 0,

e — b Tl
o6 u) {{HERQ\HHU 1} if w; =0.

First-order conditions: Jv € RNXQ, ff=y+ Adiv(v)

)
Viel, v, = Vi

ST T= [\ (V) £ 0)

VieI°, Ju] <1




e Smooth optimization

e Subdifferential Calculus

e Proximal Calculus

« Forward Backward



mn mal Operators a'i

Proximal operator of G:

1
Prox,q(z) = argmin 5”33 — 2| +vG(2)

Indicators: G(x) = te(x) . ZE
Prox,g(z) = Proje(z) At
— argmin |x — z| ¢
zeC
2 . &
0= norm squared. PI‘OX%”,HQ(CE) 115

0 norm:  Gla) = |z = ) |ai]

Prox,q(x); = max (O, 1 — ’W ‘) T;
Lg



mgximal Calculus

Separability: G(x) = Gi(x1) + ...+ Gp(ay)
Proxg(x) = (Proxg, (1), ..., Proxqa, (x,))

1
Quadratic functionals:  G(x) = §H<I>a: — Y H2
Prox,¢ = (Id + yO* D)1 p*
= &*(Id + yod*) !

Composition by tight frame: Ao A" =1d
Proxgoa(x) = A* o Proxgo A+Id— A" 0 A

Ortho-basis A: Proxgoa = A* o Proxg o A



m-convex Proximal Operators n'i

Proximal operator of G:

1
Prox,q(z) = argmin 5”:1: — 2| +vG(2)

G(a) = [a]i = ) |xil
Prox g (z); — max (O, - > T

4]

G(z) = |zfo = [{i \ = # 0}
r, if |z =2y,
Proxvg(w)i:{ i 6

0 otherwise.

Gla) = Y log(1 + aif?)

— 3rd order polynomial root.




1
Proxs(z) = argmin 5”:1; —2'|? + f(z")

X

Non-convex Convex
pY:O‘p:YOE')‘p:T]_ 8t pzl p:15 p:2
| 6L
f(z) = |z|P .l
" f(x) = |z|P
XL
1‘ 1‘ g | |
Prox;(x) Prox¢(x)
1t
O L
|-
X




1 0
Proxys(x) = argmin 5”:13—:1;’H2+)\f(a:’) ———0—— —» )




MX and Subdifferential -

Resolvant of 0G :
z = Proxyq(z) — 0€z—x+70G(z2)
— z€(Id+90G)(2) «— z=(Id+~0G) (x)

Inverse of a set-valued mapping:
where x € U(y) < y € U1 (x)
Prox,q = (Id + vyOG)™! s a single-valued mapping
Fix point:  x* € argmin G(x)
— 0¢ 6‘(}(;*) — z* € (Id+~0G)(x™)
e 2= (Id +v0G) ' (2*) = Prox,g(x*)



ka ?‘E Gradient and Proximal Descents :h-i

Gradient descent: T =2 — 4, VG(2W) lexplicit]
G is C! and VG is L-Lipschitz

Theorem: 1f 0 < v, < 2/L, ) — z* a solution.

Sub-gradient descent: ™Y =) —~,00) ) (3‘G(:13(€))

Theorem: If v ~ 1/¢, 2¥) — x* a solution.

—— Problem: slow.

(£+1) _

Proximal-point algorithm: x Pl”OXfwg(CE(E)) [implicit]

Theorem: 1f vp > ¢ > 0, ) — z* a solution.

— Prox,g hard to compute.



e Smooth optimization
e Subdifferential Calculus
e Proximal Calculus

e Forward Backward



Mﬂmal Splitting Methods

Solve  min E(x)
reEH

Problem: Prox,g is not available.

Splitting:  E(x) =|F(x)|+ Z Gi(x)

Smooth Z Simple

Iterative algorithms using: < . F(x)
I

OX~G; (CE )
Forward-Backward: solves > ' + (¢
Douglas-Rachford: > Z G
Primal-Dual: > Z GioA

Generalized FB: > [+ Z G



mooth + Simple Splitting

- a

Inverse pmblem' measurements y = Kfy+w
: K:RY — RP P<N
\) . c*'

Model: = Wz, sparse in dictionary W.

Sparse recovery: f*

min
reRN

Smooth Simple
1
ly — @af?

r) = |z =) il
()

Data fidelity:  F(x)

Regularization:

— Wx* where £* solves

F(x)

_|_

G(x)




LEX IiE": Forward-Backward :II-E

Fix point equation:
" € argmin F(z) + G(2) «= 0€ VF(z*) + dG(z*)
& (¥ —~yVF(z")) € ¥ + v0G(x™)

<— 2" =Prox,g(z* —yVF(z"))

Forward-backward: | ™) = Prox,q (x(@ —YVF (:1:(6)))

Projected gradient descent: G =

Theorem: Let VF' be L-Lipschitz.
If v<2/L, 2 — 2*  a solution of (%)




Mmple: L1 Regularization

ot

1
min §H<I>$—yu2‘|‘)\HxH1 > ménF(a:)#—G(:z:)

F(x) = ¢ |0z — g’

VF(x)=®"(®x — y) L=|d"P|
G(x) = Az

Prox,q(x); = max (O, 1 — ’1)\0

Forward-backward <= Iterative soft thresholding




m}&pvergence Speed

min F(z) = F(x) + G(x)

T

V F' is L-Lipschitz.

(G is simple.

Theorem: If L > 0, FB iterates z(©) satisfies
E(z\9) — E(z*) = O(1/1)

(' degrades with L — 0.



Eg if'i Multi-steps Accelerations ____;1

Beck-Teboule accelerated FB: +0) — 1
1
) — Prox, 1 (y@ 1y F(yw)))

(e L+ T AEO)
- 2

(0+1) _ (0+1) | t(t) — 1( (1) _ ()
Yy = X | t(€—|—1) i i

(see also Nesterov method)

Theorem: If L >0, E(zY)—E(z*) = 0(1/¢?)

Complexity theory: optimal in a worse-case sense.



